Both the world economy and human population have grown at a tremendous pace during the last two centuries, raising increasing worries about the sustainability of this growth as well as concerns that we humans as a result might cause severe and irreversible damage to eco-systems, global weather systems etc [1] . At the other extreme, the optimists expect that the innovative spirit of mankind will solve the problems associated with a continuing increase in the growth rate [2] . Specifically, they believe that the world economic development will continue as a successive unfolding of revolutions, e.g., the Internet, bio-technological and other yet unknown innovations, replacing the prior agricultural, industrial and information revolutions. Irrespective of interpretation, the important point is the presence of an acceleration in the rate of growth. Here, we show that both the acceleration in the growth of the worlds human population until the 1970's as well as in a proxy for capitalistic expansion in the United States since its creation as a nation until present are consistent with a spontaneous singularity at the same critical time 2058 ± 5 AD and with the same characteristic self-similar geometric patterns (defined below as log-periodic oscillations). As a consequence, even the optimistic point of view has to be revised, since the acceleration of the growth rate contains endogenously its own limit in the shape of a finite-time singularity to be interpreted as an abrupt transition to a qualitatively new behavior. With a world-wide concern about the sustainability of this accelerated growth beginning to bud as well as the very recent slowing down of the population growth rate, this transition will hopefully be smoothen out.
The rapid growth of the world population is a relatively recent phenomenon in the history of the world. It is estimated that 2000 years ago the population of the world was approximately 300 million and for a very long time the world population did not grow significantly, since periods of growth were followed by periods of decline. It took more than 1600 years for the world population to double to 600 million and since then the growth has accelerated. It reached 1 billion in 1804, 2 billion in 1927 (123 years later), 3 billion in 1960 (33 years later), 4 billion in 1974 (14 years later), 5 billion in 1987 (13 years later) and 6 billion in 1999 (12 years later).
As a standard model of population growth, Malthus' model assumes that the size of a population increases by a fixed proportion τ over a given period of time independently of the size of the population. The logistic equation attempts to correct for the resulting unbound exponential growth by assuming a finite carrying capacity K such that the population instead evolves as dp dt
Cohen and others (see [1] and references therein) have put forward idealized models taking into account interaction between the human population p(t) and the corresponding carrying capacity K(t) by assuming that K(t) increases with p(t) due to technological progress such as the use of tools and fire, the development of agriculture, the use of fossil fuels, fertilizers etc. as well an expansion into new habitats and the removal of limiting factors by the development of vaccines, pesticides, antibiotics, etc. If K(t) > p(t), then p(t) explodes to infinity after a finite time creating a singularity. In this case, the limiting factor −p(t) can be dropped out and, assuming a simple power law relationship K ∝ p δ−1 with δ > 1, (1) becomes dp dt
where the growth rate accelerates with time according to r[p(t)] δ−1 . The generic consequence of an acceleration in the growth rate is the appearance of singularities in finite time:
Equation (2) is said to have a "spontaneous" or "movable" singularity at the critical time t c [3] , the critical time t c being determined by the constant of integration, i.e., the initial condition p(t = 0). One can get an intuitive understanding of such singularities by looking at the function p(t) = exp (tp(t)) which corresponds to replacing τ K by p in Malthus' exponential solution p(t) = p(0) exp[τ Kt]. p is then the solution of dp/dt = p 2 /(1 − tp) [3] leading to an ever increasing growth with the explicit solution
where t c = 1/e, C is a numerical factor and the exponent z = 1/2. In this case, the finite time spontaneous singularity does not lead to a divergence of the population at the critical time t c ; only the growth rate diverges at (t c − t) −1/2 . Spontaneous singularities in ODE's and PDE's are quite common and have been found in many well-established models of natural systems either at special points in space such as in the Euler equations of inviscid fluids [4] or in the equations of General Relativity coupled to a mass field leading to the formation of black holes [5] , see [6] for a review. Some of the most prominent, as well as more controversial, examples due to their impact on human society are models of rupture and material failure [7] , earthquakes [8] and stock market crashes [9] . Faster than exponential growth is clearly observed in human population data up to 1970 at which the annual rate of increase of the global population reached its all-time peak of 2.1%. As we shall see later, the data on the world population from year 0 until October 1999, including the UN estimate of the approximate date when the world population exceeded 6 billions, is well-fitted by an equation such as (3) (where z may be complex, see below) and thus contains a spontaneous singularity. In order to qualify this statement, we first compared [10] the world population data [11] to a simple power law
see figure 1 . In fitting the data to this equation, we find A ≈ 0, B ≈ 94608, t c ≈ 2095 AD and z ≈ −2.13.
The negative value of the exponent is compatible with A ≈ 0 1 .
Spontaneous singularities often exhibit log-periodic corrections that corresponds mathematically to complex exponents [6] : singularities in the Euler equations with complex exponents have been found to result from a cascade of Rayleigh-Taylor instabilities leading to log-periodic oscillatory structures around singular vortices organized according to discrete self-similar pancakes [4] ; In the process of formation of black holes, the matter field solution oscillates periodically in the logarithm of the difference between time and time of the formation of the singularity [5] ; Material failure occurs after intermittent damage acceleration and quiescent phases that are well-described by log-periodic structures decorating an overall power law singularity [7] ; Stock market crashes preceded by speculative bubbles [9] provide an highly relevant analogy to the question of sustainability in the growth rate of the human population. More generally, from the point of view of field theory as a tool-box for constructing theories of complex systems, we should expect generically the existence of complex exponents and their associated log-periodic corrections [12] .
Guided by the recent progress in the understanding of complex systems and the possibility of complex exponents, i.e., with both a real and an imaginary part, we have also fitted the world population data to the following equation
see figure 1 . In this extension of equation (5), the cosine term signifies a discrete scale invariance [13] decorating the overall acceleration with a geometrical scaling ratio λ = exp (2π/ω). This is due to the fact that a complex exponent z = β + iω in equation (5) corresponds to a term (t c − t) β+iω whose real part is (t c − t) β cos (ω ln(t c − t)). We suggest that the presence of these log-periodic oscillations deriving from general theoretical considerations can account for the ubiquitous observation of cycles in population dynamics and in economics. Due to the small number of points in the data set, the robustness of the fit with equation (6) was investigated with respect to fluctuations in the important physical parameters t c , β and ω [10] . The method we used was as follows. Together with the data set (data set 1) obtained from [11] , which covers the period [0 : 1998], four other data sets where analyzed in an identical manner. These four data sets were generated by removing the first point (data set 2), the two first points (data set 3) and the 3 first points (data set 4). Hence, those three data sets cover the periods [1000 : 1998], [1250 : 1998 ] and [1500 : 1998] . A fifth data set (data set 5) was constructed by including the UN estimate that the world's population would reach 6 billion in October 1999 to the original data set (data set 1). The differences between the results obtained using these five data sets are minor, as can be seen in Table 1 : t c is the critical time predicted from the fit of the world population data to equation (6) . The other physical parameters β and ω of the fit are also shown. λ = exp (2π/ω) is the prefered scale ratio of the underlying dynamics. ω spectrum is the angular log-frequency obtained from the non-parametric spectral analysis of the log-periodic oscillations.
We also present a non-parametric test for the existence of a spontaneous singularity by eliminating the leading trend using the transformation
This transformation should produce a pure cos (ω log(t c − t) + φ) if equation (6) was a perfect description.
In figure 2 , we show the residual defined by (7) for data 3 and data 5 as a function of ln(t c − t) as well as their Lomb periodograms: the approximately regular oscillations in ln(t c − t) give a significant spectral peak at a log-angular frequency ω ≈ 5.8 − 6.1 compatible with the fit of equation (6), see table 1 We see that the value of t c fluctuates by ±5 years around the average of ≈ 2058 corresponding to less than 10% of the predicted period t c − t lastpoint ≈ 60 years. The fluctuations in the values obtained for the exponent β as well as those for the log-angular-frequency ω are ≈ 5% around the average. The corresponding fluctuations in the fundamental parameter λ are almost negligible. This is very encouraging considering that data sets 4 and 5 differ by 25% in the number of points they contain, indicating that the analysis of only up to 19 data points is statistically stable. Note that it is difficult to obtain a better resolution in time as world population statistics in past centuries are all generated by using some sort of statistical regression model. This might explain the relatively low value of the spectral peak for data set 5. Furthermore, the peak clearly stands out against the background for all five spectra. Another encouraging observation is the notable amplitude of the log-periodic oscillations quantified by C, approximately 10% of the pure power law acceleration quantified by B, see caption of figure 1.
In summary, not only do we see a good agreement between the spectral analysis and the fits with equation (6), but especially the small fluctuations in the values for t c , β and ω for the 5 data sets makes the analysis quite convincing. Of course, this does not prove that equation (6) is the correct description and equation (5) a wrong description. However, since the r.m.s. of the fits with the two equations differs by a factor of ≈ 4, there is no doubt that equation (6) does a better job of parameterizing the data. This is the numerical argument. The theoretical justification has already been given above. The two combined certainly makes the case stronger.
The negative exponent β ≈ −1.4 obtained in the fits means that equation (6) has a singularity at t = t c corresponding to an infinite population. This is clearly impossible on a finite earth. The point to be extracted from this analysis is that the world population has until very recently grown at an accelerating growth rate in good agreement with a singular behavior. Singularities are always mathematical idealizations of natural phenomena: they are not present in reality but foreshadow an important transition or change of regime. In the present context, they must be interpreted as a kind of critical point signaling a fundamental and abrupt change of regime similar to what occurs in phase transitions [14] .
The world population growth cannot be separated from that of its evolving carrying capacity, as discussed in relation to equation (1) . As a first attempt to quantify this variable in an independent way, we analyze a financial index, specifically an extension of the Dow Jones Industrial Average dating back to the establishment of the United States of America as an independent nation until present [15] . We argue that this measure is representative of the capitalistic growth of the United States of America. The data consists of ≈ 2500 monthly quotes for the period [1790 : 1999.9]. We use the generalization (8) of (6) which allows for a continuous shift in the angular log-frequency ω by including the next order term [16] in what effectively corresponds to a Landau or renormalisation group expansion depending on the prefered framework. Hence, equation (6) becomes
This extension has been found useful in order to account for the behavior of stock market prices before large crashes over extended period of times up to 8 years. The present analysis thus constitutes a major generalization as it includes over 200 years of data. Previous works [9] have established a robust and universal signature preceding large crashes occuring in major financial stock markets, namely accelerated price increase decorated by large scale log-periodic oscillations culminating in a spontaneous singularity (critical point). The previously reported cases, which are well-described by equation (6), comprise the Oct. 1929 US crash, the Oct. 1987 world market crash, the Oct. 1997 Hong-Kong crash, the Aug. 1998 global market events, the 1985 Forex event on the US dollar, the correction on the US dollar against the Canadian dollar and the Japanese Yen starting in Aug. 1998, as well as the bubble on the Russian market and its ensuing collapse in June 1997 [9] . Furthermore, twenty-one significant bubbles followed by large crashes or by severe corrections in the stock markets indices of the South American and Asian countries have also been identified and follow log-periodic signatures decorating an average power law acceleration [17] . All these analyses have been restricted to times scales between 1 and 8 years. In contrast, the general renormalization group theory of such spontaneous singularities allow for an hierarchy of critical points at all scales [18, 19] . The results given below suggest that singularities do cascade in a robust way up to the largest time scales or conversely from the largest scale to the smallest scales.
We fit the logarithm of the extended Dow Jones index to equation (8) . For consistency and comparison, we also fit the date using equation (5) . Taking the logarithm provides in our opinion the simplest and most robust way to account for inflation. Furthermore, taking the logarithm embodies the notion that only relative changes are important. Another more subtle reason can be given in terms of the magnitude of the crash following the singularity: a simple rational model [20] shows that if the loss during a crash is proportional to the maximum price, then the relevant quantity is the logarithm of the price.
The fit with equation (5) examplifies the acceleration of the growth rate, which is our main message. However, it gives a critical time t c very close to the last point of the data, see figure 3 . This is not credible as is well-known in critical phenomena where the determination of the location of the critical point is notoriously unreliable when based on simple power fits of very noisy data [22] .
Fitting equation (8) to some data set is difficult due to the degenerate r.m.s. landscape corresponding to the existence of many local minima as a function of the free parameters t c , β, ω, τ ∆ω and φ. This means that the r.m.s. is not a good measure of the quality of the fit and additional physical constraint is needed as discussed at length in [21] . In brief, we will demand that the value of β and ω are compatible with what has been found previously for large crashes and that the value of the transition time τ between the two competing frequencies is compatible with the time window t c − t 0 , where t 0 is the date of the first data point and t c the date of the singularity in the first derivative 2 . Specifically, we will demand that 0.2 < β < 0.7, 4.5 < ω < 9 and (t c − t 0 ) /3 < τ < ∼ (t c − t 0 ) and the more the parameters fall in the mid-range, the higher confidence is attributed to the fit. These constraints are similar to what was used in [21] except for the constrain on τ which upper limit has been made stricter. The reason for this is simply that whereas in the cases of the 1929 and 1987 stock market crashes on Wall Street it was not obvious to decide the starting date of the bubble, it is now objectively determined by a historical event being the creation of the U.S.A. as an independent nation. The parameter values of the five qualifying fits is shown in table 2. We stress that the majority of the fits were discarded due to rather large values for either ω or τ or negative values for ω. We see that the best fit in terms of the r.m.s. also has the most reasonable parameter values for β, ω and τ in terms of the discussion above.
The best fit of equation (8)) to the 210 years of monthly quotes is shown in figure 3 and its parameter values are given in the caption. Note that the angular log-frequency ω ≈ 6.5 is in close agreement with the value found for the analysis of the world population. Furthermore, the cross-over time scale τ ≈ 171 years is perfectly compatible with the total window of 210 years. In figure 4 , the relative error between the fit and the data is shown. We see that the error fluctuates nicely around zero as it should. Furthermore, the error is decreasing from left to right clearly showing that the acceleration in the data is becomes better and better Table 2 : t c is the critical time predicted from the fit of the logarithm of the extended Dow Jones for the period [1790 : 1999.75] to equation (8) . The other physical parameters β, ω and τ of the fits are also shown.
modeled by equation (8)) as we approach the present. This behaviour is in fact to be expected from an equation such as (2) allowing for an additive noise term to describe other sources of uncertainties: using the Fokker-Planck formalism, one can show that, as the singularity at t c is approached, the noise term becomes negligible and the acceleration of the data should approach better and better a pure power law. This can also be seen more intuitively directly from (2) with an additive noise: the divergence of p(t) dwarves any bound noise contribution.
The inset of figure 3 shows the extrapolation of the fit up to the critical time t c = 2053. It suggests that the Dow Jones index will climb to impressive values in the coming decades from its present level around 11,000 at the beginning of year 2000. It is interesting that this resonates with a series of claims that the Dow Jones will climb to 36,000 [23] , 40,000 [24] or even 100,000 [25] in the next two or three decades. Glassman, an investing columnist for the Washington Post, and Hassett, a former senior economist with the Federal Reserve, develop the argument that stocks have been undervalued for decades and that, for the next few years, investors can expect a dramatic one-time upward adjustment in stock prices [23] . Elias, a financial advisor and author, believes that forces such as direct foreign investment, domestic savings, and cooperative central-banking policies will drive the vigorous market, as will the dynamics of the New Economy, which allows for the coexistence of high economic growth, low interest rates, and low inflation. In his view, the Dow Jones could reach 40,000 around 2016 [24] . Kadlec, chief investment strategist for Seligman Advisors Inc. predicts that the Dow Jones Industrial Average will end up at 100,000 in the year 2020 [25] . We find that equation (8) predicts that the level 36,000-40,000 will be reached in 2018-2020 A.D. and the level 100,000 in 2026 A.D, not far from these claims! Of course, the extrapolation of this growth closer to the singularity become unreliable due to standard limitations, such as finite size effects.
In the academic financial literature, a time series such as the Dow Jones shown in figure 3 has been argued to exhibit an anomalously large return, averaging 6% per year over the 1889-1978 period [26] , which cannot be explained by any reasonable risk aversion coefficient. A solution for this puzzle is that infrequent large crashes occur or even a major still untriggered crash is looming over us; in this interpretation, the "anomalous" return becomes the normal remuneration for the risk to stay invested in the market [27] . Our analysis suggests that the situation is even worse than this: not only the market has a large growth rate but this growth rate is accelerating such that the market is growing as a power law towards a spontaneous singularity.
The fact, that both the human world population over two thousand years and a major financial index over its entire lifespan of arguably the most successful capitalistic country agree both in i) the prediction of a spontaneous singularity, ii) the location of the critical time and iii) the detailed self-similar patterns decorating the singularity is quite remarkable to say the least. This suggests that they may have a closely correlated dynamics, in fact more than the coupling between population p(t) and carrying capacity K(t) written in equations such as (1) would make us believe. The outstanding scientific question is whether the rate of innovations fueling the economic growth is a random process on which industrial and population selection operates or if it is driven by the pressing needs of the growing population. The main message of this study is that, whatever the answer and irrespective of one's optimistic or pessimistic view of the world sustainability, these two important pieces of data both point to the existence of an end to the present era, which will be irreversible and cannot be overcome by any novel innovation. This, since any new innovation is deeply embedded in the very existence of a singularity, in fact it feeds it. This points to the possible transition of mankind towards a qualitatively new level. Residue between best fit and data sets 3 and 5, as defined by equation (7) . Right: Spectrum of residue using a Lomb periodogram. The position of the peak corresponds to ω ≈ 5.8, which should be compared with ω ≈ 6.5 for the fit with equation (6) for data set 5. For data set 3, the peak corresponds to ω ≈ 6.1, which should be compared with ω ≈ 6.5 for the fit. 
